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Producing kaon mesons in heavy-ion collisions at beam energies below their threshold energy is an important way to investigate
the properties of dense nuclear matter. In this study, based on the newly updated version of the ultrarelativistic quantum molecular
dynamics model, we introduce the kaon-nucleon (KN) potential, including both the scalar and vector (also dubbed Lorentz-like)
aspects. We revisit the influence of the KN potential on the collective flow of K+ mesons produced in Au+Au collisions at
Elab = 1.5 GeV/nucleon and find that the contribution of the newly included Lorentz-like force is very important, particulary for
describing the directed flow of K+. Finally, the corresponding KaoS data of both directed and elliptic flows can be simultaneously
reproduced well.
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1 Introduction
The study of the thermodynamic relationship between the
energy (or the pressure) and density (or chemical poten-
tial) in nuclear matter, i.e., the nuclear equation of state
(EoS), has attracted considerable research interest in nu-
clear physics and astrophysics since it is essential to un-
derstand the various phenomena occurring in nuclear struc-
tures and reactions, as well as in, for example, neu-
tron stars. Thus far, the EoS of isospin symmetric (hav-
ing the same number of neutrons and protons) nuclear
matter is relatively well understood [1]; however, in-
formation regarding isospin asymmetric nuclear matter is
lacking, for which a large uncertain source is density-
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dependent nuclear symmetry energy Esym(ρ), especially at
supranormal densities (see, e.g., Refs. [2-12]).
It is well known that heavy-ion collisions (HICs) compress
nuclei such that a piece of nuclear medium with a density
higher than the saturation density can be created. Although
this medium is extremely short-lived, it provides the only op-
portunity to study the properties of dense nuclear matter in
laboratories on Earth. Due to its short lifetime, its proper-
ties cannot be studied directly. Therefore, a transport model
that links the nuclear EoS with experimental observables is a
prerequisite.
Furthermore, model simulations have proposed that a pos-
itively charged kaon meson K+ can be produced in HICs at
energies below the threshold energy (1.58 GeV), referred to
as subthreshold production, and can be used as a sensitive
probe for the stiffness of the EoS [13]. We also know that
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the K+ meson carries a strange antiquark, is predominantly
produced in the early collision stage (high-density phase),
and cannot be reabsorbed by others due to the conservation
of strangeness. Thus, it may carry useful and clean infor-
mation about the dense nuclear matter in the early stage.
The first measurement of subthreshold K+ meson production
(fromAu + Au collision at 1 GeV/nucleon) was performed at
GSI-SIS in 1994 [14]. Since then, extensive theoretical and
experimental studies of subthreshold kaon production have
been performed. For example, using the K+ yield data pro-
duced from C + C and Au + Au collisions, calculations based
on both isospin quantum molecular dynamics (IQMD) and
Lanzhou quantummolecular dynamics (LQMD) models sup-
port a soft EoS [1, 15].
In the recent two decades, the Esym(ρ) attracted consider-
able research interest and it was proposed that the yield ra-
tio between K0 and K+ mesons can also be a useful tool for
detecting EoS stiffness [16, 17]. Because the isovector as-
pect of the EoS is weak compared to the isoscalar aspect, we
must carefully consider the kaon-nucleon (KN) potential. It
has been predicted by different model calculations [18] that
the KN potential is slightly repulsive and that the antikaon-
nucleon (K¯N) potential is strongly attractive (another motiva-
tion for studying the kaon potential is the existence of kaon
condensation in neutron stars [19] and K¯ bound nuclei [20]).
Experimental comparisons have revealed that the KN poten-
tial at normal nuclear density is of the order of 20-30 MeV.
However, a large uncertainty regarding the depth of the K¯N
potential has also been found, i.e., the K¯N potential at normal
nuclear density varies from -40 MeV to -200 MeV [21-24].
With respect to the KN potential, researchers have pointed
out that it has both scalar and vector aspects due to its rela-
tivistic origin, and a Lorentz-like force (LF) from the spatial
component of the vector field must be taken into account in
transport model simulations to better describe experimental
kaon flow data [24-27]. In our previous work, we also found
that the calculated directed flow slope of K+ at mid-rapidity
becomes too negative when only the scalar aspect of the KN
potential is taken into account [28]. In our current work,
we introduce the LF force into the ultrarelativistic quantum
molecular dynamics (UrQMD) model, and we revisit its in-
fluence on both the directed and elliptic flows of K+. In the
next section, we show the corresponding model updates. In
section3, we describe and discuss the contribution of the KN
potential, particularly the LF force, to K+ flows. Finally, we
provide a summary and research outlook in section4.
2 Model updates
It is well known that the UrQMD model was initially de-
signed to simulate HICs in the energy range from SIS to
RHIC, in which the contribution of nuclear mean-field po-
tentials to the dynamics of the reaction is considered to be
weak. However, for a more systematic and delicate investi-
gation of the HICs in a broader energy region, this model has
been successfully extended to describe HICs with beam ener-
gies from as low as several tens of MeV/nucleon (low SIS) up
to the highest energy available at CERN LHC [29-34]. At low
beam energies, this model is based on the same principle as
the quantum molecular dynamics model, in which a particle
is represented by a Gaussian wave packet of a certain width.
The equations of motion for the coordination and momentum
of the ith nucleon, ri and pi, read as follows:
r˙i =
∂H
∂ pi
, p˙i = −
∂H
∂ri
. (1)
Here, H is the Hamiltonian function of the system, which
comprises the kinetic energy and the effective interaction po-
tential energy. In recent years, to better describe the recent
experimental data for HICs at SIS energies, the Skyrme po-
tential energy density functional has been introduced into
the nuclear potential of the UrQMD (the SV-mas08 interac-
tion that yields the incompressibility K0 = 233 MeV is em-
ployed in this current work), and it has been found that when
properly set at the in-medium nucleon-nucleon cross section,
some recent published experimental data, especially the col-
lective flows of light clusters, can be reproduced fairly well.
See Refs. [35, 36] for more details.
The Hamiltonian of kaon mesons can be written as fol-
lows,
HK =
NK∑
i=1
[ω(pi, ρi) + V
coul
i ]. (2)
Here, the Coulomb interaction between a charged kaon and
proton (kaon) is calculated in the same way as that between
protons, and ω and p are the energies and momenta of the
(anti-)kaonmesons, respectively, which can be written as fol-
lows: For K,
ωK(p, ρ) =
√
p∗2 + m2
K
− aKρs + (bKρ)2 + bKρ, (3)
and for K¯,
ωK¯(p, ρ) =
√
p∗2 + m2
K¯
− aK¯ρs + (bKρ)
2 − bKρ. (4)
Here, ρs is the baryon scalar density and p
∗ = p ∓ V is the
kaon effective momentum, where Vµ =
3
8 f 2pi
jµ is the kaon vec-
tor potential with jµ being the baryon four-vector current, and
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fpi is the pseudoscalar meson decay constant. If V = 0, then
the spatial component of the vector field vanishes [24]. The
bK = 3/(8 f
2
pi ) ≈0.333 GeVfm
3, assuming fpi=93 MeV and aK
and aK¯ are 0.18 and 0.31 GeV
2fm3, respectively. With these
parameters taken from Refs. [37, 38], the kaon and antikaon
optical potentialsUK and UK¯ at nuclear saturation density are
about 25 MeV and -100 MeV, respectively.
The motion of a kaon meson in a nuclear medium can then
be obtained as follows,
dr
dt
=
∂ωK(K¯)
∂p
=
p∗√
p∗2 + m2
K(K¯)
− aK(K¯)ρs + (bKρ)
2
, (5)
dp
dt
= −
∂ωK(K¯)
∂r
−
∂VCoul
∂r
, (6)
in which the kaon velocity-dependent (Lorentz-like) force
originating from the spatial componentsV of the kaon vector
field is included [27, 37, 39]. It is obvious that the LF force
will disappear when replacing the kaon effective momentum
p∗ in Eqs. (3) and (4) with p.
As for the collision term, compared to other microscopic
transport models that are frequently used to simulate HICs at
low and intermediate energies, there are two main treatments:
the unique collision time table of all individual collisions by
ensuring the reference-frame independence and the two-step
new particle production process. The former has been re-
cently revisited in the Transport Simulation Code Evaluation
Project [40, 41]. With respect to the latter, new particles (∆s,
pions, kaons, etc.) other than nucleons can either be produced
in s-channel collisions, the decay of hadronic resonances, or
the fragmentation of color strings. For more details, please
see Refs. [29,30]. It has been found that the strangeness pro-
duction in pp, pA and AA collisions from SIS up to RHIC
energies can be described reasonably well [42]. After updat-
ing new decay channels, the recently measured yields of φ
and Ξ− data at SIS energies can be much better reproduced
[43, 44].
3 Results and Discussions
In this work, we investigate the effect of the KN potential,
particularly its Lorentz-like component, on the flow of posi-
tively charged kaonmesons produced fromAu +Au collision
at 1.5 GeV/nucleon. For each case, we calculated three mil-
lion events in the considered range of impact parameters 5.9
<b <10.2 fm.
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Figure 1 Invariant cross section as a function of the kinetic energy Ec.m. −
m0c
2 for K+ produced from 197Au+197Au collisions at 1.5 GeV/nucleon
within the impact parameter range 5.9 ∼ 10.2 fm and θc.m.=80
◦∼100◦. The
lines represent the Maxwell-Boltzmann distribution Ed3σ/dp3 ∼ Ee−E/T
fitted to the simulations within 0.10 < Ec.m. − m0c
2 < 0.45 GeV, which is
analogous to the experimental window in Ref. [45].
First, Figure 1 shows the invariant cross section for K+ as
a function of its kinetic energy Ec.m. − m0c
2. We can see that
the energy distribution calculated without the KN potential is
steeper than the other calculations, which leads to a smaller
“temperature” T . With the Maxwell-Boltzmann distribution
Ed3σ/dp3 ∼ Ee−E/T fitted to the calculations (scattered sym-
bols), we obtain the inverse slope parameters T of 85 ± 2,
105±3, and 101±2MeV for the calculations without the KN
potential, with the KN potential but without the LF, and with
both the KN potential and LF, respectively. We find that the
extracted T parameters from the experimental measurements
with the same collision system and beam energy but for near-
central collisions are 111 ± 2 MeV in Ref. [45] and 116 ± 7
MeV in Ref. [46]. Therefore, the temperature obtained from
calculations without the KN potential is much smaller than it
obtained from the experimental data, whereas those obtained
from calculations with the KN potentials are closer to that of
the experimental data. Furthermore, the influence of the LF
on the energy distribution for K+ is quite weak. Similar con-
clusions can be found in Refs. [37, 39] as well by using the
LQMDmodel and the Boltzmann Uehling-Uhlenbeck (BUU)
model, respectively.
Figure 2 shows the directed flow (v1 = 〈
px
pt
〉, where pt =√
p2x + p
2
y) and the elliptic flow (v2 = 〈
p2x−p
2
y
pt
〉) of K+ as a
function of the normalized rapidity y0 = yz/ypro. Here, px
and py are two transverse components of the momentum,
yz =
1
2
ln
E+pz
E−pz
is the longitudinal rapidity, and ypro is the pro-
jectile rapidity in the center-of-mass system.
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Figure 2 Rapidity distribution of the directed flow v1 (a) and the el-
liptic flow v2 (b) of the K
+ mesons produced in 197Au+197Au collisions at
an incident energy of 1.5 GeV/nucleon within the impact parameter range
5.9 < b < 10.2 fm. Calculations with the KN potential and without (dashed
lines) or with (short-dash-dotted lines) the LF are compared to those without
the KN potential (solid lines). The flows of free protons are also shown by
the dash-dotted lines.
In Figure 2(a), we can see that the slope of v1 at mid-
rapidity without consideration of the KN potential (solid line)
is slightly positive (since only the Coulomb potential is con-
sidered for kaons in this case), whereas it becomes visibly
negative when the KN potential is taken into account but
without consideration of the LF (dashed line). This is be-
cause the static KN potential is strongly repulsive so that the
direction of the kaon motion tends to be opposite to that of
nucleon motion. At this beam energy, the slope of the di-
rected flow of nucleons at mid-rapidity is positive, as seen by
the dash-dotted line, so we can see the anti-flow of K+. This
repulsion effect can also be seen in the elliptic flow shown
in Figure 2(b), where the v2 of K
+ calculated with the static
KN potential is much more negative than that without the
KN potential, which indicates a pronounced out-of-plane K+
squeezeout. When the LF is also taken into account, both
the v1 slope value at mid-rapidity and the absolute value of
v2 of K
+ mesons (each shown by the short-dash-dotted line)
become smaller than those considering only the static KN po-
tential. This is because the LF for positively charged kaons
provides the attractive potential to pull the kaons back to the
nucleons. We note that a negative flow for K+ was observed
by the FOPI collaboration in the collision with a smaller sys-
tem 58Ni+58Ni at a similar beam energy 1.91 GeV/nucleon
[47], as well as by some model calculations [27, 37, 39].
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Figure 3 Transverse momentum pt distribution of the elliptic flow v2 of
K+ mesons produced in 197Au+197Au collisions at 1.5 GeV/nucleon within
the impact parameter range 5.9 ∼ 10.2 fm and the rapidity cut 0.25 ∼ 0.55.
The KaoS experimental data are taken from Ref. [23] (stars) and compared
to calculations without and with KN potentials (distinguished by different
lines).
We can further examine the transverse momentum pt de-
pendence of the elliptic flow v2 of K
+ in Figure 3, in which
the KaoS data [23] are shown for comparison. We can see
a weak dependence on both the pt and the KN potential al-
though with the existence of large statistical errors. More
specifically, the values of v2 calculated without the KN po-
tential are somewhat higher than those of the two cases with
the KN potential, as well as the experimental data. The weak
sensitivity of the elliptic flow of K+ as functions of both ra-
pidity and transverse momentum in the KN potential was also
found by IQMD model calculations in Ref. [23].
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Figure 4 Azimuthal distribution of K+ mesons in 197Au+197Au collisions
at 1.5 GeV/nucleon within the impact parameter range from 5.9 ∼ 10.2 fm.
The y0 cut 0.3 ∼ 0.7 and the pt cut 0.2 ∼ 0.8 GeV/c are employed. The
lines represent fits to the calculated results (scattered solid squares) assum-
ing dN
dφ
 1+2a1cos(φ)+2a2cos(2φ), and the corresponding a1 and a2 values
are also given in each plot.
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Figure 5 Comparison of the calculated a1 (upper plot) and a2 (lower plot)
values with the KaoS experimental data (leftmost bars) taken from Ref. [48].
Figure 4 shows the azimuthal distributions of K+ in the ra-
pidity bin 0.3 < y0 < 0.7 without (left) and with (right) the
KN potential as well as with only a static KN potential (mid-
dle). We used a pt cut of 0.2 ∼ 0.8 GeV/c for all cases. To
evaluate the anisotropy of the distributions, we used the form
dN
dφ
 1 + 2a1cos(φ) + 2a2cos(2φ) in the same way as in the
KaoS experiment [48]. We indicate the fitting results with
lines and also give the extracted a1 and a2 values for each
plot. It is obvious that the a1 and a2 parameters have the same
meaning as the v1 and v2 flow parameters although they are
not quantitatively equivalent; the negative (positive) a1 value
represents a negative (positive)-directed flow, and the nega-
tive (positive) a2 value represents an out-of-plane (in-plane)
emission. We can see that the values of both a1 and a2 with
the full KN potential lie between the other two cases. Fur-
thermore, in Figure 5, we show a comparison of the a1 and a2
values with the corresponding KaoS experimental data [48]
with the same conditions as those in Figure 4. We note that
the a1 data presented in Ref. [48] is positive but we use its
reverse value here since the relative position of the projectile
with respect to the target in our calculations is contrary to that
in the experiment. Again, we can obviously see that the di-
rected flow is more sensitively influenced by the KN potential
than the elliptic flow since the a1 value changes more drasti-
cally (and even changes sign) than a2 when the KN potentials
are taken into account. The cancellation effect between the
scalar and vector aspects of the KN potential is also essen-
tial since the calculated a1 value with the KN potential but
without the LF is more negative and moves away from the
data. Finally, both the a1 and a2 calculated results match the
KaoS data well within errors if the KN potential including the
LF is used, whereas neither can reproduce the data if the KN
potential is not considered.
4 Summary and Outlook
In summary, within the updated version of the UrQMD trans-
port model, in which we introduce the kaonCnucleon (KN)
potential, including both the static and the kaon velocity-
dependent (Lorentz-like) force originating from the spatial
components of the kaon vector field, we investigated the col-
lective flow of K+ produced by 197Au+197Au collisions at the
incident energy of 1.5 GeV/nucleon. We found that the di-
rected flow of K+ mesons is more visibly affected by the KN
potential than the elliptic flow. Due to the repulsive nature
of the static KN potential, we observed negative-directed and
elliptic flow parameters. Furthermore, the attractive Lorentz-
like force largely cancels the negative flows (especially the
directed flow) so that both the directed and elliptic flow data
of the KaoS experiment can be well reproduced.
Due to the current large uncertainty in the study of K¯N po-
tential, a further numerical calculation relevant to this topic
is in progress. Moreover, due to the large absorption effect
of the K¯ mesons in the nuclear medium, the related two-body
scattering process will be dealt with more consistently.
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